Abstract. In most classical holomorphic function spaces on the unit disk in which the polynomials are dense, a function f can be approximated in norm by its dilates fr(z) := f (rz) (r < 1), in other words, lim r→1 − fr − f = 0. We construct a de Branges-Rovnyak space H(b) in which the polynomials are dense, and a function f ∈ H(b) such that lim r→1 − fr H(b) = ∞. The essential feature of our construction lies in the fact that b is an outer function. Mathematics Subject Classification (2010). 46E22, 47B32, 30H15.
Introduction
In most holomorphic function spaces on the unit disk, at least those in which the polynomials are dense, the radial dilates of a function in the space converge to the function in the norm of the space. In other words, writing f r (z) := f (rz), we have lim r→1 − f r − f = 0 for all f in the space.
However, perhaps surprisingly, this is not always true. An example was given in [3] where in fact lim r→1 − f r = ∞. The space in question was a de Branges-Rovnyak space H(b). We shall give the precise definition of H(b) in §2. Suffice it to say that de Branges-Rovnyak spaces are a family of subspaces H(b) of the Hardy space H 2 , parametrized by elements b of the unit ball of H ∞ . In the example constructed in [3] , the function b was the product of a rational function and a carefully chosen Blaschke product, and the justification of the construction depended heavily on certain properties Blaschke products with uniformly separated zeros.
Our purpose in this article is to show that such an example can also be constructed with b being an outer function. This has the advantage that, as we no longer need to cite results about Blaschke products with uniformly separated zeros, the construction is more elementary than that given in [3] . 
(1.1)
Our proof proceeds via an auxiliary result of independent interest, in which we construct an outer function with very precise control over its behavior along the radius (0, 1). The necessary background on de Branges-Rovnyak spaces is described in §2. Theorem 1.1 is proved in §3, and we make some concluding remarks in §4.
Background on H(b)-spaces
We denote by D and T the open unit disk and the unit circle respectively. Also, we denote by H 2 the Hardy space on D. Given ψ ∈ L ∞ (T), the corresponding Toeplitz operator T ψ : H 2 → H 2 is defined by
where 
This is the definition of H(b) as given in [6] . The original definition of de Branges and Rovnyak, based on the notion of complementary space, is different but equivalent. An explanation of the equivalence can be found in [6, pp.7-8] . A third approach is to start from the positive kernel
and to define H(b) as the reproducing kernel Hilbert space associated with this kernel. For a more detailed description of these spaces, we refer to the recent two-volume work [4, 5] . The general theory of H(b)-spaces splits into two cases, according to whether b is an extreme point or a non-extreme point of the unit ball of H ∞ . This dichotomy is illustrated by following result.
The following are equivalent: Henceforth we shall simply say that b is 'extreme' or 'non-extreme', it being understood that this is relative to the unit ball of H ∞ . From the equivalence between (i) and (ii), it follows that, if b is nonextreme, then there is an outer function a such that a(0) > 0 and |a| 2 + |b| 2 = 1 a.e. on T (see [6, ). The function a is uniquely determined by b. We shall call (b, a) a pair. The following result gives a useful characterization of H(b) in this case.
3. Proof of Theorem 1.1
We shall prove Theorem 1.1 by establishing the following slightly stronger result. In what follows, we shall write k w (z) := 1/(1−wz), the Cauchy kernel. It is the reproducing kernel for H 2 in the sense that f (w) = f, k w H 2 for all f ∈ H 2 and w ∈ D. In particular, k w 2
. We remark that k w has the useful property that T h (k w ) = h(w)k w for all h ∈ H ∞ . Indeed, given g ∈ H 2 , we have
The proof of Theorem 3.1 depends on two lemmas. The first lemma, a slight generalization of a result in [3] , provides a class of functions f for which f + is readily identifiable. 
Then f ∈ H(b) and
Proof. Note first of all that
so the series defining f converges absolutely in H 2 . Further, defining
c j φ(w j )k wj , we likewise have g ∈ H 2 and
By Theorem 2.3, it follows that f ∈ H(b), and f + = g.
The second lemma, inspired by an idea in [1] , yields an outer function with very precise control over the growth along the radius [0, 1). Lemma 3.3. Let (w n ) be a strictly increasing sequence in (0, 1) such that w n → 1, and let (ρ n ) be a positive sequence such that
Then there exists an outer function φ such that |φ| ≥ 1 on D and, for all n,
Proof. Let Φ be the outer function on the upper half-plane such that
where
so Φ is well-defined. Also, since log |Φ| ≥ 0 a.e. on R, it follows that |Φ| ≥ 1 on the upper half-plane. Define φ on the unit disk by
Then φ is also outer and |φ| ≥ 1. Fix n and let r ∈ [w n , w n+1 ]. Then, writing
whence, for all k < n, we have
The same is true if k = n, but in this case we have a better estimate. Indeed, if x ∈ [2t n , 3t n ], then
Lastly, for all k > n, we clearly have
Putting these estimates together, we arrive at the inequality
Now, a simple calculation gives
Also, we have
It follows that there are constants
The hypothesis (3.4) on the sequence (ρ n ) implies that the term in parentheses is at least C 1 ρ n /2 for all large enough n. Thus
for all r ∈ [w n , w n+1 ] and all sufficiently large n. Replacing φ by a large enough power of itself, we may ensure that this inequality holds for all n and with a constant C 1 /2 = 1. Thus (3.5) holds.
Proof of Theorem 3.1. Fix α, β with 1 < α < β < α + 1, and define w n := 1 − e −n β and ρ n := e −n α .
so condition (3.4) is satisfied. By Lemma 3.3, there is an outer function φ such that |φ| ≥ 1 on D and
Replacing φ(z) by φ(z)φ(z), we may further assume that φ takes positive real values on (−1, 1). Let a, b be the outer functions (normalized to be positive at 0) satisfying |a| 2 = 1 1 + |φ| 2 and |b| 2 = |φ| 2 1 + |φ| 2 a.e. on T.
Then (b, a) is a pair and b/a = φ. In particular, as log(1 − |b| 2 ) = 2 log |a| ∈ L 1 (T), the function b is a non-extreme point of the unit ball of H ∞ , by Theorem 2.2.
Summability methods
It was shown in [3] 
